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The magneto-electro-elastic materials have recently been gain-
ing attention for their unique capability of converting energy
among the magnetic, electric, and mechanical forms. A few natural
materials and various synthetic materials were shown to exhibit
the magnetoelectric coupling effect (Ryu et al., 2002; Fiebig,
2005). Various inclusion-related problems in these materials have
been investigated. Solutions of relevant to static and dynamic anal-
ysis of speciﬁc electro-magneto-elastic problems were obtained,
for instance, analytical three dimensional solutions to study the
behavior of composite plates (Pan, 2001; Pan and Heyliger, 2002;
Pan and Han, 2005), a general solution of three dimensional prob-
lems (Wang and Shen, 2002), discrete layer solutions for magneto-
electro-elastic laminates (Heyliger and Pan, 2004; Heyliger et al.,
2004) and free vibrations of functional graded magneto-electro-
elastic plates (Ramirez et al., 2006), an analytical solution for mag-
neto-electro-elastic beams (Jiang and Ding, 2004), the transient
responses of hollow cylinders for symmetric and axisymmetric
plain strain problems (Hou and Leung, 2004; Hou et al., 2006).
Some appropriate and convenient mathematical models of elec-
tro-magneto-elastic interactions were expressed by Dökmeci
(1980), Saravanos and Heyliger (1999), Wang and Yang (2000),
Wu et al. (2008a,b), Garcia Lage et al. (2004a), Buchanan (2004)
and et al.ll rights reserved.There are several good methods for solving differential equa-
tions that can be based upon variational principles, e.g., ﬁnite ele-
ment method. A large number of variational principles were
systematically formulated for themotion and deformation ofmedia
under a variety of coupledmechanic, electric, magnetic, and similar
effects. Some uniﬁed variational principles were reported in elastic-
ity (Prange, 1914, 1916; Hellinger, 1914; Reissner, 1950; Hu, 1954;
Washizu, 1955), thermoelasticity (Nickell and Sackman, 1968),
piezoelectricity (Toupin, 1956; Dökmeci, 1973; Vekovishcheva,
1974; He, 2001a,b), piezoelectromagnetism (Altay and Dökmeci,
2004, 2005), and electro-magneto-elasticity (Wang and Shen,
1995; He, 2001c; Yao, 2003; Luo et al., 2006), respectively. Some
Laplace-transform-type variational principles were presented in
elastodynamics (Gurtin, 1963; Tonti, 1973; Luo and Zhu, 2003;
Luo et al., 2004; Liang and Luo, 2007), and electro-magneto-
elasticity (Wang and Shen, 1995). Recently, some reviews of varia-
tional principles with an historical account of development and an
extensive list of references through the pertinent keywords were
reported (Altay and Dökmeci, 2007, 2010).
In our previous work (Zheng et al., 2009), we considered geo-
metrically nonlinear elastodynamics coupled with STATIC electro-
magnetic ﬁelds, and deduced two Hamilton-type generalized
variational principles.
In this paper, we consider the fully dynamic case, i.e., geometri-
cally nonlinear elastodynamics coupled with DYNAMIC electro-
magnetic ﬁelds. The fundamental equations, governing all the
variables of the initial boundary value problem in this dynamics,
are expressed in covariant differential form. The generalized
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simpliﬁed Gurtin-type (Gurtin, 1963; Tonti, 1973) generalized
variational principles, directly leading to all the fundamental
equations, are derived by He’s semi-inverse method (He, 1997,
2001c; He and Lee, 2009) instead of Laplace transform. By
enforcing some fundamental equations as constraint conditions,
one of various constrained variational principles is given as an
example. By simply dropping out selected ﬁeld functions,
several reduced variational principles are obtained as special
forms for piezoelectricity, elastodynamics, and electromagnetics,
respectively.2. Fundamental equations
In the Euclidean 3-D space, we consider the ﬁnite and bounded
regular region X of a magneto-electro-elastic continuum with its
piecewise smooth boundary surface oX. The regular region is
referred to a ﬁxed system of right-handed curvilinear coordinates.
The fundamental equations of fully dynamic magneto-electro-elas-
ticity with geometrical nonlinearity are expressed in covariant dif-
ferential form as following:
Velocity–displacement equations:
v i ¼ _ui; ð2:1Þ
where ui is the displacement vector, vi is the velocity vector.
Momentum–velocity equations:
pi ¼ qv i; ð2:2Þ
where pi is the momentum vector, q is the mass density.
Equations of motion:
_pi  rjk dik þ ui;k
 h i
;j
¼ f i; ð2:3Þ
where rij is the stress tensor, fi is the body force vector, dik is the
Kronecker delta, ‘;’ denotes the covariant differentiation.
Strain–displacement relations:
Sij ¼ 12 ui;j þ uj;i þ u
k
;iuk;j
 
; ð2:4Þ
where Sij is the strain tensor.
Equations of dynamic electromagnetic ﬁelds:
eijkHk;j ¼ Ji þ _Di; ð2:5Þ
Di;i ¼ q; ð2:6Þ
Bi ¼ eijkAk;j; ð2:7Þ
Ei ¼ u;i  _Ai; ð2:8Þ
where Di is the electric displacement vector, Bi is the magnetic
induction vector, Ei is the electric ﬁeld intensity vector, Hi is the
magnetic ﬁeld intensity vector, u is the electric scalar potential, Ai
is the magnetic vector potential, q is the electric charge density, Ji
is the electric current density vector, eijk is the alternating tensor.
Constitutive relations:
rij ¼ cijklSkl  ckijEk  gkijBk; ð2:9Þ
Di ¼ cijkSjk þ jijEj þ bijBj; ð2:10Þ
Hi ¼ gijkSjk þ bijEj þ kijBj; ð2:11Þ
where cijkl, jij, and kij are the elastic coefﬁcient, dielectric permittiv-
ity, and magnetic permeability, respectively, ckij, gkij, and bij are the
piezoelectric coefﬁcient, piezomagnetic coefﬁcient, and electromag-
netic coupling coefﬁcient, respectively.Boundary conditions:
ui ¼ ui on @Xu; ð2:12Þ
rjk dik þ ui;k
 
nj ¼ Ti on @Xr; ð2:13Þ
niD
i ¼ d on @XD; ð2:14Þ
u ¼ u on @Xu; ð2:15Þ
eijknjHk ¼ hi on @XH; ð2:16Þ
Ak ¼ Ak on @XA: ð2:17Þ
Initial conditions:
ui0 ¼ ui0; ð2:18Þ
pi0 ¼ pi0; ð2:19Þ
Ai0 ¼ Ai0; ð2:20Þ
Di0 ¼ Di0: ð2:21Þ
The system of the fundamental equations is deterministic, that
is, there exist 37 equations for 37 unknown functions (3ui,3vi,3pi,
6Sij,6rij,3Di,3Hi,3Ei,3Bi,1u,3Ai).
3. Generalized principle of virtual work
We give an expression of the generalized principle of virtual
work for the present problem as following:
Z Z Z
X
pi  _uiþ12r
ij  ui;jþuj;iþuk;iuk;j
 
þDi  u;iþ _Ai
 
Hi  eijkAk;j
  
dV
þ
Z Z Z
X
rjk dikþui;k
 h i
;j
 _pi
 
uiþDi;i uþ eijkHk;j _Di
 
Ai
 
dV
þ
Z Z Z
X
1
2
rij  uk;iuk;j
 
þ rjkui;k
 
ui;j
 
dV

Z Z
@X
rjk dikþui;k
 
nj
h i
uiþ niDi
 
uþ eijknjHk
 	Ai
n o
dS
þ
Z Z Z
X
piui0pi0ui
 	þ DiAi0Di0Ai
 h i
dV ¼0: ð3:1Þ
Here, ‘’ denotes the convolution, the third integral is introduced to
recover the symmetry in nonlinear systems (Luo et al., 2002, 2004).
Inserting Eqs. (2.1), (2.3)–(2.8), (2.18)–(2.21) into (3.1), we ob-
tain a reduced expression as following:Z Z Z
X
f i uiqu Ji Ai
 
dVþ
Z Z
@X
rjk dikþui;k
 
nj
h i
ui
n
þniDi uþeijknjHk Ai
o
dS
Z Z Z
X
piui0 pi0ui
 	þ DiAi0Di0Ai
 h i
dV
¼
Z Z Z
X
pi v iþrij SijDi EiHi Bi12r
ij  uk;iuk;j
 
þ rjkui;k
 
ui;j
 
dV :
ð3:2Þ4. Simpliﬁed Gurtin-type generalized variational principles
Using the semi-inverse method (He, 1997, 2001c; He and Lee,
2009), a convenient and effective way to establish variational prin-
ciples, we construct a trial-functional in the form
JP ui;v i; pi; Sij;rij;Di;Hi; Ei;Bi;u;Ai
 
¼
ZZZ
X
LP dV þ IPB ; ð4:1Þ
where IPB is the integral boundary, L
P is a trial-Lagrangian in terms
of convolutions:
LP ¼ 1
2
qv i  v i þ 12 c
ijklSij  Skl  12j
ijEi  Ej  12 k
ijBi  Bj
 pi  v i  rij  eij þ Di  Ei þ Hi  Bi  f i  ui þ q u
þ Ji  Ai  ckijEk  Sij  gkijBk  Sij  bijEi  Bj
þ FP ui; pi;rij;Di;Hi;u;Ai
 
: ð4:2Þ
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tional, Eq. (4.2), stationary with respect to pi,rij, Di, and Hi, respec-
tively, we obtain
 v i þ @F
P
@pi
¼ 0; ð4:3aÞ
 Sij þ @F
P
@rij
¼ 0; ð4:3bÞ
Ei þ @F
P
@Di
¼ 0; ð4:3cÞ
Bi þ @F
P
@Hi
¼ 0: ð4:3dÞ
Inserting Eqs. (2.1), (2.4), (2.8) and (2.7) into (4.3a)–(4.3d), respec-
tively, the unknown function is identiﬁed as
FP ¼ pi  _ui þ 12r
ij  ui;j þ uj;i þ u^k;iu^k;j
 
þ r^jku^i;k
 
 ui;j
þ Di  u;i þ _Ai
 
 Hi  eijkAk;j
 
; ð4:4Þ
where ‘^’ denotes the restricted variation (Finlayson, 1972). Insert-
ing Eq. (4.4) into Eq. (4.2), we obtain
LP ¼ 1
2
qv i  v i þ 12 c
ijklSij  Skl  12j
ijEi  Ej  12 k
ijBi  Bj
þ pi  _ui  v ið Þ þ r^jku^i;k
 
 ui;j
 rij  eij  12 ui;j þ uj;i þ u^
k
;iu^k;j
  
þ Di  Ei þu;i þ _Ai
 
þ Hi  Bi  eijkAk;j
 
 f i  ui þ q uþ Ji  Ai
 ckijEk  Sij  gkijBk  Sij  bijEi  Bj: ð4:5Þ
In a similar way, the integral boundary can be determined as
IPB ¼ 
ZZ
@Xu
ðui  uiÞ  rji þ r^jku^i;k
 
nj
h i
dS

ZZ
@Xr
Ti  uidS
ZZ
@XD
d udS
ZZ
@Xu
ðu uÞ  ðDiniÞdS

ZZ
@XH
hi  AidSþ
ZZ
@XA
eijknjðAk  AkÞ
h i
 Hi dS

ZZZ
X
pi0ui  ðui0  ui0Þpi þ Di0Ai  ðAi0  Ai0ÞDi
h i
dV : ð4:6Þ
Inserting Eqs. (4.5) and (4.6) into Eq. (4.1) yields
JP ui;v i;pi;Sij;rij;Di;Hi;Ei;Bi;u;Ai
 
¼
Z Z Z
X
1
2
qv i v iþ12c
ijklSij Skl12j
ijEi Ej12k
ijBi Bj

 
dV
þ
Z Z Z
X
ckijEk SijgkijBk SijbijEi Bj
 
dV
þ
Z Z Z
X
pi  _uiv ið Þrij  Sij12 ui;jþuj;iþ u^
k
;iu^k;j
  
þ r^jku^i;k
 
ui;j
 
dV
þ
Z Z Z
X
Di  Eiþu;iþ _Ai
 
þHi  BieijkAk;j
 
 f i uiþquþ Ji Ai
h i
dV

Z Z
@Xu
ðui uiÞ rjiþ r^jku^i;k
 
nj
h i
dS
Z Z
@Xr
Ti uidS
Z Z
@XD
dudS

Z Z
@Xu
u uð ÞðDiniÞdS
Z Z
@XH
hi AidSþ
Z Z
@XA
eijknj AkAk
 h i
HidS
Z Z Z
X
pi0uipi ui0 ui0ð ÞþDi0AiDi Ai0Ai0
 h i
dV : ð4:7Þ
Paralleling to the derivation of JP, the complementary functional is
obtained:JCðui;v i;pi;Sij;rij;Di;Hi;Ei;Bi;u;AiÞ
¼
Z Z Z
X
1
2
qv i v i12c
ijklSij Sklþ12j
ijEi Ejþ12k
ijBi Bj

 
dV
þ
Z Z Z
X
ðþckijEk SijþgkijBk SijþbijEi BjÞdV
þ
Z Z Z
X
þpi v iþrij Sij12r
ij  u^k;iu^k;j
 
þ  _piþrji;jþ r^jku^i;k
 
;j
þ f i
 
ui
 
dVþ
Z Z Z
X
þðeijkHk;j Ji _DiÞAiþ Di;iq
 
uDi EiHi Bi
h i
dV

Z Z
@Xr
rjiþ r^jku^i;k
 
njTi
h i
uidS

Z Z
@Xu
ui  rijþ r^jku^i;k
 
nj
h i
dS

Z Z
@Xu
uðDiniÞdS
Z Z
@XD
ðDinidÞudS

Z Z
@XH
ðeijknjHkhiÞAidS
þ
Z Z
@XA
ðeijknjAkÞHidS
þ
Z Z Z
X
piui0ðpi0pi0ÞuiþDiAi0ðDi0Di0ÞAi
h i
dV : ð4:8Þ
Either JP or JC can lead to all the fundamental equations of the
present problem, Eqs. (2.1)–(2.21). For example, the variation of JP
is
dJP¼
Z Z Z
X
qv i dv iþcijklSkl dSijjijEj dEikijBj dBi
 
dV
þ
Z Z Z
X
ckijEk dSijcijkSjk dEigijkSjk dBigkijBk dSij
 	
dV
þ
Z Z Z
X
bijEj dBibijBj dEiþpi  d _uidv ið Þþ _uiv ið Þdpi
h i
dV
þ
Z Z Z
X
rij dSijþrij 12d ui;jþuj;i
 	 Sij12 ui;jþuj;iþuk;iuk;j
  
drij
 
dV
þ
Z Z Z
X
rjkui;k
 
dui;jþDi  dEiþdu;iþd _Ai
 
þ Eiþu;iþ _Ai
 
dDi
h i
dV
þ
Z Z Z
X
Hi  dBieijkdAk;j
 
þ BieijkAk;j
 
dHi f i duiþqduþ Ji dAi
h i
dV

Z Z
@Xu
rjk dikþui;k
 
nj
h i
duiþ ui uið Þd rijnj
 	n o
dS

Z Z
@Xr
Ti duidS
Z Z
@XD
ddudS

Z Z
@Xu
u uð Þ nidDi
 
þ niDi
 
du
h i
dS

Z Z
@XH
hi dAidS
þ
Z Z
@XA
eijknj AkAk
 h i
dHiþ eijknjdAk
 
Hi
n o
dS

Z Z Z
X
pi0dui ui0 ui0ð ÞdpiþDi0dAi Ai0Ai0
 
dDi
h i
dV : ð4:9Þ
Using Green’s theorem and integration by parts, we give the follow-
ing six equations:ZZZ
X
rij  dui;jdV ¼ 
ZZZ
X
rij;j  duidV
þ
ZZ
@Xu[@Xr
ðrijnjÞ  dui dS; ð4:10aÞ
ZZZ
X
rkjui;k
 
 dui;jdV ¼ 
ZZZ
X
rkjui;k
 
;j
 dui dV
þ
ZZ
@Xu[@Xr
rkjui;k
 
nj
h i
 duidS; ð4:10bÞ
ZZZ
X
Di  du;idV ¼ 
ZZZ
X
Di;i  dudV
þ
ZZ
@XD[@Xu
ðDiniÞ  dudS; ð4:10cÞ
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X
Hi  ðeijkdAk;jÞdV ¼
ZZZ
X
ðeijkHk;jÞ  dAidV

ZZ
@XA[@XH
ðeijknjHkÞ  dAi dS; ð4:10dÞ
pi  d _ui ¼ _pi  dui þ pi0dui; ð4:10eÞ
Di  d _Ai ¼ _Di  dAi þ Di0dAi: ð4:10fÞ
Inserting Eqs. (4.10) into Eq. (4.9) yields
dJP¼
Z Z Z
X
ðqv ipiÞdv iþð _uiv iÞdpiþðDicijkSjkjijEjbijBjÞdEi
h i
dV
þ
Z Z Z
X
ðcijklSklckijEkgkijBkrijÞdSijþ HigijkSjkbijEjkijBj
 
dBi
h i
dV
þ
Z Z Z
X
1
2
ui;jþuj;iþuk;iuk;j
 
Sij
 
drijþ _pi rjk dikþui;k
 h i
;j
 f i
 
dui
 
dV
þ
Z Z Z
X
Eiþu;iþ _Ai
 
dDiþ qDi;i
 
duþ BieijkAk;j
 
dHi
h i
dV
þ
Z Z Z
X
Jiþ _DieijkHk;j
 
dAidV

Z Z
@Xu
ui uið Þd rijnj
 	
dS
þ
Z Z
@Xr
rjk dikþui;k
 
njTi
h i
duidS
þ
Z Z
@XD
Dinid
 
dudS
Z Z
@Xu
u uð Þ nidDi
 
dS
þ
Z Z
@XH
eijknjHkhi
 	dAidSþ
Z Z
@XA
eijknj AkAk
 h i
dHidS
þ
Z Z Z
X
pi0pi0 	duiþ ui0 ui0ð Þdpiþ Di0Di0
 
dAiþ Ai0Ai0
 
dDi
h i
dV :
ð4:11Þ
Let dJP = 0, we obtain the Euler–Lagrange equations, Eqs. (2.1)–
(2.18), (2.16), (2.20), (2.21), from (4.11).
5. Constrained variational principle
By enforcing some selected fundamental equations as con-
straint conditions, various constrained variational principles can
be deduced. Here, an example is given for reference:
JPc ui;v i;Sij;rij;Ei;Bi;u;Ai
 	
¼
Z Z Z
X
1
2
qv i v iþ12c
ijklSij Skl12j
ijEi Ej12k
ijBi Bj

 
dV
þ
Z Z Z
X
f i uiþquþ Ji AickijEk SijgkijBk SijbijEi Bj
 
dV
þ
Z Z Z
X
rij  Sij12 ui;jþuj;iþ u^
k
;iu^k;j
  
þ r^jku^i;k
 
ui;j
 
dV

Z Z
@Xr
Ti uidS
Z Z
@XD
dudS
Z Z
@XH
hi AidS

Z Z Z
X
pi0uiþDi0Ai
 
dV : ð5:1Þ
The constraint conditions of functional JPc are Eqs. (2.1), (2.7), (2.8),
(2.12), (2.15), (2.17), (2.18) and (2.20).
6. Special forms
Several special forms, for piezoelectricity, elastodynamics, and
electromagnetics, respectively, can be obtained from the function-
als JP and JC. By dropping out the magnetic terms, JP and JC are
readily reduced to the generalized variational principles in
piezoelectricity:JPPiezo Eðui; v i;pi; Sij;rij;Di; Ei;uÞ
¼
ZZZ
X
1
2
qv i  v i þ 12 c
ijklSij  Skl  12j
ijEi  Ej  ckijEk  Sij

 
dV
þ
ZZZ
X
rij  Sij  12 ui;j þ uj;i þ u^
k
;iu^k;j
  
þ r^jku^i;k
 
 ui;j
 
dV
þ
ZZZ
X
pi  ð _ui  v iÞ þ Di  ðEi þu;iÞ  f i  ui þ q u
h i
dV

ZZ
@Xu
ðui  uiÞ  rji þ r^jku^i;k
 
nj
h i
dS
ZZ
@Xr
Ti  uidS

ZZ
@XD
d udS
ZZ
@Xu
u uð Þ  Dini
 
dS

ZZZ
X
pi0ui  ui0  ui0ð Þpi
 
dV ; ð6:1aÞJCPiezo E ui;v i;pi; Sij;rij;D
i; Ei;u
 
¼
ZZZ
X
1
2
qv i  v i  12 c
ijklSij  Skl þ 12j
ijEi  Ej þ ckijEk  Sij

 
dV
þ
ZZZ
X
pi  v i þ rij  Sij þ  _pi þ rji;j þ r^jku^i;k
 
;j
þ f i
 
 ui
 
dV
þ
ZZZ
X
1
2
rij  u^k;iu^k;j
 
þ Di;i  q
 
u Di  Ei
 
dV

ZZ
@Xr
rji þ r^jku^i;k
 
nj  Ti
h i
 ui dS

ZZ
@Xu
ui  rji þ r^jku^i;k
 
nj
h i
dS
ZZ
@Xu
u  Dini
 
dS

ZZ
@XD
Dini  d
 
udSþ
ZZZ
X
piui0  pi0  pi0
 	
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dV : ð6:1bÞ
By dropping out the electric terms, Eq. (6.1) are readily reduced to
the generalized variational principles in elastodynamics:
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dV : ð6:2bÞ
By dropping out the mechanical terms, JP and JC are readily reduced
to the generalized variational principles for dynamic electromag-
netic ﬁelds:
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dV : ð6:3bÞ7. Conclusions
In this paper, the simpliﬁed Gurtin-type generalized variational
principles, which can directly lead to all the fundamental equa-
tions, are deduced for the initial boundary value problem of fully
dynamic magneto-electro-elasticity with geometrical nonlinearity.
A constrained variational principle is given as an example. Several
generalized variational principles are obtained as special forms for
piezoelectricity, elastodynamics, and electromagnetics, respec-
tively. This paper will provide a more complete theoretical founda-
tion for the ﬁnite element applications for the discussed problem.
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